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ON THE LEFT INVARIANT (α, β)-METRICS ON SOME LIE GROUPS
M. HOSSEINI AND H. R. SALIMI MOGHADDAM
Abstract. We give the explicit formulas of the flag curvatures of left invariant Matsumoto
and Kropina metrics of Berwald type. We can see these formulas are different from previ-
ous results given recently. Using these formulas, we prove that at any point of an arbitrary
connected non-commutative nilpotent Lie group, the flag curvature of any left invariant Mat-
sumoto and Kropina metrics of Berwald type admits zero, positive and negative values, this
is a generalization of Wolf’s theorem. Then we study (α, β)-metrics of Berwald type and also
Randers metrics of Douglas type on two interesting families of Lie groups considered by Milnor
and Kaiser, containing Heisenberg Lie groups. On these spaces, we present some necessary and
sufficient conditions for (α, β)-metrics to be of Berwald type and also some necessary and suf-
ficient conditions for Randers metrics to be of Douglas type. All left invariant non-Berwaldian
Randers metrics of Douglas type are given and the flag curvatures are computed.
1. Introduction
The family of (α, β)-metrics is an important and interesting class of Finsler metrics. These
metrics are computable because they are expressed in terms of a Riemannian metric and a
1-form. On the other hand such Finsler metrics have many applications in physics. In fact the
first (α, β)-metric, before it is named (α, β)-metrics by M. Matsumoto in 1972 (see [18]), was
introduced by G. Randers in 1941 for its application in general relativity (see [22]). This metric
was named Randers metric by R. S. Ingarden [13] and found many applications in physics. For
example the authors of [7] have proposed a modified Friedmann model in Randers space for
possible alternative to the dark energy hypothesis. One can find another application of Finsler
metrics in [16], where the authors study the gravitational field equation in Randers space-time,
and give a perturbational version of it (For more applications see [3] and [4]).
A very useful and applicable special case happens when the invariant Finsler metrics on Lie
groups are considered. In this case we can study the interactions between geometric properties
and algebraic structures of Lie groups (as a comprehensive reference one can see [9]). In this
paper we consider left invariant (α, β)-metrics on Lie groups. Computing flag curvature of
Finsler metrics is an important and difficult problem in Finsler geometry. In the first part of
this work, in the special cases of left invariant Matsumoto and Kropina metrics of Berwald
type, the explicit formulas for computing flag curvatures are given. Easily we can see that
these formulas are different from previous results recently given in [17]. In [26], J. Wolf showed
that the sectional curvature of a left invariant Riemannian metric on an arbitrary connected
non-commutative nilpotent Lie group admits zero, negative and positive values. This result
is extended to Randers metrics in [10]. Using flag curvature formulas given in this article, we
have generalized Wolf’s result to left invariant Matsumoto and Kropina metrics of Berwald
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type on connected non-commutative nilpotent Lie groups.
An interesting family of Lie groups, which we have denoted by G1, is a particular class of
solvable Lie groups introduced by J. Milnor in [20]. Let G be a non-commutative Lie group
and g be its Lie algebra. Then G belongs to G1 if the Lie bracket of any two vectors x, y ∈ g is
a linear combination of x and y. In [20], it is shown that if G ∈ G1 then there exist an element
b ∈ g and a commutative ideal u of codimension one such that [b, z] = z for any z ∈ u.
V. Kaiser considered another attractive class of Lie groups, the family of Lie groups with one-
dimensional commutator groups. He studied the Ricci curvature of left invariant Riemannian
metrics on these Lie groups (see [14]). We have denoted this family by G2. We study (α, β)-
metrics of Berwald type and also Randers metrics of Douglas type on these two families of Lie
groups. We give some necessary and sufficient conditions for (α, β)-metrics to be of Berwald
type and also some necessary and sufficient conditions for Randers metrics to be of Douglas
type. On these spaces, we will present all left invariant non-Berwaldian Randers metrics of
Douglas type. At any case, the flag curvature is computed.
2. Preliminaries
In this section we review some preliminaries about Riemannian and Finsler manifolds.
A Riemannian metric g on a Lie group G is called left invariant if
(2.1) g(x)(y, z) = g(e)(dl x−1y, dl x−1z) for every x ∈ G , y, z ∈ TxG,
where e denotes identity element.
Suppose that G is a Lie group equipped with a left invariant Riemannian metric g, and g
denotes its Lie algebra. Then for any two left invariant vector fields X,Y ∈ g, the Levi-Civita
connection and the sectional curvature can be computed as follows (see equations 2.1 and 2.2
of [1]):
(2.2) ∇XY =
1
2
(adXY − ad
∗
XY − ad
∗
YX),
(2.3) K(X,Y ) = ‖∇XY ‖
2 − g(∇XX,∇Y Y )− g([Y, [Y,X]] ,X)− ‖[X,Y ]‖
2,
where ‖.‖2 := g(., .).
Definition 2.1. Let M be differentiable manifold and TM denotes its tangent bundle. Then
a function F : TM −→ [0,∞) is said to be Finsler metric on the manifold M if
i) F be a smooth function on TM\{0},
ii) F (x, λy) = λF (x, y), for all λ > 0,
iii) The hessian matrix (gij) =
(
1
2
∂2F 2
∂yi∂yj
)
be positive definite for all (x, y) ∈ TM\{0}.
Similar to left invariant Riemannian metrics, a Finsler metric F on a Lie group G is called
left invariant if
(2.4) F (x, y) = F (e, dl x−1y) for every x ∈ G, y ∈ TxG.
An important family of Finsler metrics introduced by M. Matsumoto [18], is the class of (α, β)-
metrics. A Finsler metric is called an (α, β)-metric if F = αφ(β
α
), where α(x, y) =
√
gijyiyj
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and β(x, y) = biy
i, and g and β are a Riemannian metric and a 1-form respectively, as follows
g = gijdx
i ⊗ dxj ,(2.5)
β = bidx
i.(2.6)
It can be shown that F is a Finsler metric if φ : (−b0, b0) −→ R
+ is a C∞ function satisfying
(2.7) φ(s)− sφ
′
(s) + (b2 − s2)φ
′′
(s) > 0, |s| ≤ b < b0,
and ‖βx‖α =
√
gij(x)bi(x)bj(x) < b0 for any x ∈ M , where (g
ij(x)) is the inverse matrix of
(gij(x)) (for more details see [8]).
For instance if φ(s) = 1+ s, φ(s) = 11−s or φ(s) =
1
s
, then we obtain three important classes of
Finsler metrics, namely Randers metrics F = α+β, Matsumoto metrics F = α
2
α−β
and Kropina
metrics F = α
2
β
, respectively.
In special case, it has been shown that a Randers metric α+β (Matsumoto metric
α2
α− β
) is a
Finsler metric if and only if ‖βx‖α =
√
gij(x)bi(x)bj(x) < 1 (‖βx‖α =
√
gij(x)bi(x)bj(x) <
1
2 )
(see [8]).
In a natural way, the Riemannian metric g induces an inner product on any cotangent space
T ∗xM . The induced inner product on T
∗
xM induces a linear isomorphism between T
∗
xM and
TxM (for more details see [11]). Then the 1-form β corresponds to a vector field X on M such
that
(2.8) g(y,X(x)) = β(x, y).
Therefore we can consider Randers, Matsumoto and Kropina metrics as follows
(2.9) F (x, y) =
√
g (y, y) + g (X (x) , y) ,
(2.10) F (x, y) =
g (y, y)√
g (y, y)− g (X (x) , y)
,
(2.11) F (x, y) =
g (y, y)
g (X (x) , y)
.
An important concept in Finsler geometry is flag curvature. This is a generalization of the
concept of sectional curvature in Riemannian geometry and defined by
(2.12) K(P, y) =
gy (Ry (u) , u)
gy(y, y)gy(u, u) − g2y(y, u)
,
where P = span{u, y}, gy(u, v) =
1
2
∂2
∂s∂t
F 2(y + su + tv) |s=t=0, Ry(u) = R(u, y)y = ∇u∇yy −
∇y∇uy −∇[u,y]y and ∇ is the Chern connection of F (for more details see [6, 8]).
For a Finsler manifold (M,F ), in a standard local coordinate system of TM , the spray coeffi-
cients Gi of F are defined as follows:
(2.13) Gi :=
1
4
gil([F 2]xmyly
m − [F 2]xl).
The geodesics are characterized by the following system of ODEs:
(2.14) x¨i + 2Gi(x, x˙) = 0.
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A Finsler metric F is called a Berwald metric (or of Berwald type) if in any standard local
coordinate system (x, y) in TM\{0}, the Christoffel symbols of the Chern connection Γijk
have no dependence on y, in which case, the Chern connection’s Christoffel symbols Γijk are
functions only of x ∈M , and also the spray coefficients Gi = 12Γ
i
jk(x)y
jyk are quadratic in y.
A Finsler metric F is said to be of Douglas type (or a Douglas metric) if in any standard local
coordinate system (x, y) of TM , the spray coefficients Gi of F are of the form
(2.15) Gi =
1
2
Γijk(x)yjyk + P (x, y)yi,
where P (x, y) is a local positively homogeneous function of degree one on TM (see [5] and [8]).
For an (α, β)-metric F it has been shown that it is of Berwald type if and only if the 1-form
β is parallel with respect to the Levi-Civita connection of α (see [15] and [19]). For Randers
metrics in [5] it is shown that a Randers metric is of Douglas type if and only if the 1-form β
is closed.
3. Flag curvature of left invariant Matsumoto and Kropina metrics of Berwald
type
In this section we give the flag curvature formulas of left invariant Matsumoto and Kropina
metrics of Berwald type on an arbitrary Lie group. In [12], the authors have given the flag
curvature formula of left invariant Randers metrics of Berwald type as follows:
(3.1) KF (P, y) =
g2
F 2
Kg(P ),
for the flag (P, y) and where KF and Kg denote the flag curvature of F and the sectional
curvature of g, respectively. In [17], the authors have mentioned that the previous formula will
remained valid for any left invariant (α, β)-metric of Berwald type. But it seems that it is not
true, because the fundamental tensors of (α, β)-metrics are very different from each other. The
formulas given in this section show that the formula 3.1 is not true at least for left invariant
Matsumoto and Kropina metrics of Berwald type. Therefore, the results of formula 4.6 of [17]
may need improvement.
After computing the flag curvatures, we generalize Wolf’s result from left invariant Riemannian
metrics to left invariant Matsumoto and Kropina metrics of Berwald type.
The following theorem shows that why we only consider the Berwaldian Matsumoto and
Kropina metrics.
Theorem 3.1. There isn’t any non-Berwaldian Matsumoto and Kropina metrics of Douglas
type.
Proof. Based on theorem 1.1 of [17], a left invariant Douglas (α, β)-metric must be of Berwald
type or of Randers type. Easily we can see Matsumoto and Kropina metrics aren’t of Randers
type. 
Now we compute the flag curvatures.
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Theorem 3.2. Let G be a Lie group and g denotes its Lie algebra. Assume that F is a
left invariant Matsumoto metric of Berwald type, arisen from a left invariant Riemannian
metric g and a left invariant vector field X. Also let (P, y) be a flag in g such that {v, y} be
an orthonormal basis of P with respect to g. Then the flag curvature KF (P, y) satisfies the
following formula
(3.2) KF (P, y) =
2− F
F 2(2F 2g2(X, v) + 2− F )
Kg(P ),
where Kg denotes the sectional curvature of the Riemannian metric g.
Proof. Since F is of Berwald type, the Levi-Civita connection of g and the Chern connection
of F coincide. Now by using 2.2, formula 2.4 of [23] and theorem 4.1, for gy(Ry(v), v) we have
gy (Ry (v) , v) =
(
2
(1− g(X, y))2
−
1
(1− g(X, y))4
+
g(X, y)
(1− g(X, y))4
)
g (Ry (v) , v)
=(2F 2 − F 3)Kg(P ).
Also formula 2.6 of [23] shows that
gy(y, y)gy(v, v) − g
2
y(v, y) =
2
(1− g(X, y))4
+
2g2(X, v) + g(X, y) − 1
(1− g(X, y))6
=2F 4 + 2F 6g2(X, v) − F 5.
Now, we can complete the proof by using the relation 2.3 and 2.12. 
Theorem 3.3. In the previous theorem if we replace Matsumoto metrics by Kropina metrics
and if we suppose that the Chern connection of F coincide to the Levi-Civita connection of g,
then the flag curvature KF (P, y) satisfies the following formula
KF (P, y) =
1
F 4g2 (X, v) + F 2
Kg(P ).(3.3)
Proof. The proof is similar to the previous theorem. It is sufficient to use formula 2.5 of [24],
then we have
gy (Ry(v), v) =
2g (Ry(v), v)
g2 (X, y)
= 2F 2Kg(P ).
On the other hand by using formula 2.7 of [24] we have
gy(y, y)gy(v, v) − g
2
y(v, y) =
2g2(X, v)
g6(X, y)
+
2
g4(X, y)
=2F 4(F 2g2(X, v) + 1).
The above formulas complete the proof. 
J. Wolf, in [26], proved that the sectional curvature of a left invariant Riemannian metric on
an arbitrary connected non-commutative nilpotent Lie group admits zero, negative and positive
values. Now by using the above two theorems we generalize Wolf’s theorem to Matsumoto and
Kropina metrics of Bervald type.
6 M. HOSSEINI AND H. R. SALIMI MOGHADDAM
Theorem 3.4. Let G be a connected non-commutative nilpotent Lie group equipped with a left
invariant Matsumoto (Kropina) metric F , arising from a left invariant Riemannian metric g
and a left invariant vector field X such that the Chern connection of F coincides to the Levi-
Civita connection of g. Then, at any point x ∈ G, the flag curvature admits positive, negative
and zero values.
Proof. Regarding [26], it is sufficient to show that the coefficients of Kg in the formulas of
flag curvatures given in the above theorems have a constant sign. Obviously, the coefficient of
Kg in 3.3 is always positive, so we only prove the case of Matsumoto metric. In the previous
theorems we have considered that g(y, y) = 1, so we have F (y) = 11−g(X,y) . On the other hand
F is a Matsumoto metric hence
√
g(X,X) < 12 . Now the Cauchy-Schwarz inequality shows
that |g(X, y)| < 12 , which means that 0 < 2− F (y) <
4
3 . Therefore the coefficient of K
g in the
formula 3.2 is also positive. 
4. Left invariant (α, β)-metrics of Berwald type and Randers metrics of Douglas
type on Lie groups of type G1
In this section, firstly we give a necessary and sufficient condition for a left invariant (α, β)-
metric on an arbitrary Lie group to be of Berwald type. In fact we have shown that the
criterion given in theorem 3.1 of [2], for left invariant Randers metrics, can be extended to left
invariant (α, β)-metrics. Then we study the Lie group family G1 equipped with a left invariant
(α, β)-metric.
Theorem 4.1. Let F be a left invariant (α, β)-metric on a Lie group G, arising from a left
invariant Riemannian metric g and a left invariant vector field X. Then F is of Berwald type
if and only if the following two conditions are valid:
g ([y,X] , z) + g ([z,X] , y) = 0, ∀ y, z ∈ g,(4.1)
g ([y, z] ,X) = 0, ∀ y, z ∈ g.(4.2)
Proof. The proof is similar to the proof of theorem 3.1 of [2]. By [15] and [19] we know that
the (α, β)-metric F is of Berwald type if and only if the vector field X is parallel with respect
to the Levi-Civita connection of g, and for left invariant Riemannian metrics, this is equivalent
to the following equation
(4.3) g ([y,X] , z) + g ([z,X] , y) + g ([z, y] ,X) = 0, ∀ y, z ∈ g.
Now if we let y = z, then for every y ∈ g we have g ([y,X] , y) = 0. The last equation shows
that for any y, z ∈ g, we have g ([y + z,X] , y + z) = 0 which is equivalent to g ([y,X] , z) +
g ([z,X] , y) = 0. The last equation together with equation 4.3 show that g ([y, z] ,X) = 0, for
any y, z ∈ g. The converse is clear. 
Suppose that G ∈ G1 and g denotes its Lie algebra. Let g be a left invariant Riemannian
metric on G. As we mentioned in introduction, it has been shown that if G ∈ G1 then there
exist an element b ∈ g and a commutative ideal u of codimension one such that [b, z] = z for
any z ∈ u (for more details see [20] and [21]).
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Theorem 4.2. Let G ∈ G1 be a Lie group with Lie algebra g. Suppose that F is a left invariant
Randers metric defined by a left invariant Riemannian metric g and a left invariant vector field
X on G. Then, F is of Douglas type if and only if X ∈ span{b}.
Proof. Theorem 3.2 of [2] says that F is of Douglas type if and only if X is orthogonal to [g, g].
It holds if and only if X ∈ span{b}. 
Theorem 4.3. Suppose that G belongs to the family G1. Then, G doesn’t admit any left
invariant non-Riemannian (α, β)-metric of Berwald type which is defined by a left invariant
Riemannian metric g and a left invariant vector field X .
Proof. Let F be such an (α, β)-metric. By theorem 4.1 we have:
(4.4) g ([z, y],X) = 0, ∀z, y ∈ g,
(4.5) g ([X, z], y) + g ([X, y], z) = 0, ∀z, y ∈ g.
Equality 4.4 holds if and only if X ∈ span{b}. Now if for ξ ∈ R, we substitute X = ξb in
formula 4.5, then we will have X = 0. 
The above two theorems give us the following corollary.
Corollary 4.4. Any Lie group G ∈ G1 admits left invariant non-Berwaldian Randers metrics
of Douglas type.
Now we present the flag curvature formula of such left invariant non-Berwaldian Randers
metrics of Douglas type given in the previous corollary.
Theorem 4.5. Let G ∈ G1 be a Lie group with Lie algebra g equipped with a Randers metric F
of Douglas type which is arisen from a left invariant Riemannian metric g and a left invariant
vector field X. Then the flag curvature of F is given by
(4.6) KF (P, y) =
g2
F 2
Kg(P ) +
1
4F 4
(
3ξ2g2 (v, v) + 4Fξηg (v, v)
)
,
where Kg is the sectional curvature of g, X = ξb ( ξ ∈ R ) and y = ηb + v (η ∈ R, v ∈ u). In
special cases we have:
KF (P, y) =
g2
F 2
Kg(P ), y ∈ span{b}
KF (P, y) =
g2
F 2
Kg(P ) +
3
4F 4
ξ2g2 (v, v) , y ∈ u.
Proof. We use the following formula of the flag curvature which is given in theorem 2.1 of [12].
(4.7) KF (P, y) =
g2
F 2
Kg(P ) +
1
4F 4
(
3g2 (U (y, y) ,X) − 4Fg (U (y, U (y, y)) ,X)
)
,
where Kg denotes the sectional curvature of g, and U : g × g −→ g is the bilinear symmetric
map defined by
2g (U (w, y) , z) = g ([z, w], y) + g ([z, y], w) , ∀w, y, z ∈ g.
A direct computation shows that
(4.8) KF (P, y) =
g2
F 2
Kg(P )+
1
4F 4
(
3g2 ([X, y], y) − 2F
(
g ([[X, y] , y] , y)− g
(
y,
[
X, ad∗yy
])))
,
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where ad∗y denotes the transpose of ady with respect to g. It is easy to show that
g ([X, y], y) = ξg (v, v) ,
g ([[X, y] , y] , y) = −ξηg (v, v) ,
g
(
y,
[
X, ad∗yy
])
= ξηg (v, v) .
Now substituting the above equations in 4.8 completes the proof. 
5. Left invariant (α, β)-metrics of Berwald type and Randers metrics of Douglas
type on Lie groups of type G2
Let G ∈ G2 be a Lie group equipped with a left invariant Riemannian metric g, and G
′
denotes its one dimensional commutator group. Suppose that g and g′ are the Lie algebras
of G and G′, respectively. Assume that e ∈ g′ is a unit element and Γ ⊂ g is the hyperplane
which is orthogonal to the vector e with respect to g. So there exits a linear map φ : Γ −→ R
such that [z, e] = φ(z)e, for any z ∈ Γ. It is clear that there exits a unique vector a ∈ Γ, such
that for any z ∈ Γ we have φ(z) = g(a, z). So we have
[z, e] = g(a, z)e, ∀z ∈ Γ.
Let B be the skew-symmetric bilinear form on Γ, such that [z, y] = B(z, y)e for any z and
y in Γ. Then there exists a unique skew-adjoint linear transformation f : Γ −→ Γ such that
B(z, y) = g (f (z) , y) for each z and y in Γ (for more details see [14]). Therefore we have
[z, y] = g (f (z) , y) e, ∀z, y ∈ Γ.
Theorem 5.1. Let G ∈ G2 be a Lie group equipped with a left invariant (α, β)-metric F defined
by a left invariant Riemannian metric g and a left invariant vector field X. Then
a) F is a Randers metric of Douglas type if and only if X ∈ Γ,
b) F is of Berwald type if and only if X ∈ Γ ∩ z(g),
where z(g) denotes the center of g.
Proof. a) According to the theorem 3.2 of [2], it is sufficient to show that X ∈ Γ if and only if
g ([z, y],X) = 0 for all z, y ∈ g. But it is clear because G is not commutative.
b) It is sufficient to use theorem 4.1. Similar to part (a) X ∈ Γ if and only if g ([z, y],X) = 0
for all z, y ∈ g. On the other hand, for any z, y ∈ g, g ([X, z], y) + g ([X, y], z) = 0 if and only
if f(X) = φ(X) = 0 which is equivalent to X ∈ z(g). 
The family of Lie groups G2 is an important class of Lie groups because it contains the family
of Heisenberg Lie groups. Let H2n+1 be a Heisenberg group with Lie algebra h2n+1. Then there
exists a basis {x1, y1, x2, y2, ..., xn, yn, z} for h2n+1 such that the none zero commutators are as
follows (for more details see [25]):
[xi, yi] = −[yi, xi] = z, for i = 1, ..., n.
So we can consider e = z and Γ = span{x1, y1, x2, y2, ..., xn, yn}.
Corollary 5.2. The Heisenberg group H2n+1 doesn’t admit any non-Riemannian (α, β)-metrics
of Berwald type.
Proof. The intersection of center of Lie algebra h2n+1 and the hyperplane Γ in the Heisenberg
group is {0}. So, any (α, β)-metrics of Berwald type must be Riemannian. 
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Similar to the previous section we give the flag curvature formulas for left invariant Randers
metric of Douglas type on such spaces.
Theorem 5.3. Suppose that G ∈ G2 is a Lie group equipped with a left invariant Randers
metric of Douglas type which is defined by a left invariant Riemannian metric g and a left
invariant vector field X. Then the flag curvature is given by
KF (P, y) =
g2
F 2
Kg(P ) +
1
4F 4
{3(η2φ(X) + ηg(f(X), v))2
+ 2F (2η2φ(v)φ(X) + ηφ(v)g(f(X), v)(5.1)
+ η2g(f(X), f(v)) − η3φ(f(X)))},
where Kg is the sectional curvature of g and y = ηe+ v (η ∈ R, v ∈ Γ). Specially,
K(P, y) =
g2
F 2
Kg(P ) +
1
4F 4
(
3η4φ2(X)− 2Fη3φ(f(X))
)
, y ∈ span{e},
K(P, y) =
g2
F 2
Kg(P ), y ∈ Γ.
Proof. Similar to the proof of the theorem 4.5, it is sufficient to compute g ([X, y] , y), g ([[X, y] , y] , y)
and g
(
y,
[
X, ad∗yy
])
. A simple computation shows that
g ([X, y], y) = η2φ(X) + ηg (f(X), v) ,(5.2)
g ([[X, y] , y] , y) = −φ(v)
(
η2φ(X) + ηg (f(X), v)
)
,(5.3)
g
(
y,
[
X, ad∗yy
])
= η2g (f(X), f(v)) − η3φ (f(X)) + η2φ(X)φ(v).(5.4)
Now the substitution of the equations 5.2, 5.3 and 5.4 in 4.8 completes the proof. 
Corollary 5.4. In the previous theorem if e belongs to the center of g, then the flag curvature
is given by
(5.5) KF (P, y) =
g2
F 2
Kg(P ) +
η2
4F 4
(
3g2 (f(X), v) + 2Fg (f(X), f(v))
)
.
A familiar case happens when we consider the Heisenberg groups.
Proof. In this case we have φ ≡ 0. So the proof is clear. 
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